The systematic method to explore how the dynamics of strong liquids (S) is different from that of fragile liquids (F) near the glass transition is proposed from a unified point of view based on the mean-field theory discussed recently by Tokuyama. The extensive molecular-dynamics simulations are performed on different glass-forming materials. The simulation results for the mean-nth displacement M n (t) are then analyzed from the unified point of view, where n is an even number. Thus, it is first shown that in each type of liquids there exists a master curve H
The systematic method to explore how the dynamics of strong liquids (S) is different from that of fragile liquids (F) near the glass transition is proposed from a unified point of view based on the mean-field theory discussed recently by Tokuyama. The extensive molecular-dynamics simulations are performed on different glass-forming materials. The simulation results for the mean-nth displacement M n (t) are then analyzed from the unified point of view, where n is an even number. Thus, it is first shown that in each type of liquids there exists a master curve H n and H (S ) n are then shown not to coincide with each other in the so-called cage region even at the same value of D/Rv th . Thus, it is emphasized that the dynamics of strong liquids is quite different from that of fragile liquids. A new type of strong liquids recently proposed is also tested systematically from this unified point of view. The dynamics of a new type is then shown to be different from that of well-known network glass formers in the cage region, although both liquids are classified as a strong liquid. Thus, it is suggested that a smaller grouping is further needed in strong liquids, depending on whether they have a network or not. 
I. INTRODUCTION
It has been known for a long time since Angell [1] has proposed a famous classification in viscosities of glass-forming materials that there exist two types of glass-forming liquids, fragile liquids (F) and strong liquids (S), near the glass transition [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The systems with short-range interactions such as o-terphenyl and glycerol are typical examples of fragile liquids, while the covalently bonded network glass formers such as SiO 2 and GeO 2 are known as typical examples of strong liquids. Thus, it has been understood commonsensically since then that the transport coefficients of both liquids, such as viscosity and self-diffusion coefficient, are well described by the Vogel-Fulcher-Tammann (VFT) law [13] [14] [15] , although the fitting temperature range for strong liquids is shorter than that for fragile liquids. However, it is not clear yet how the dynamics of strong liquids is different from that of fragile liquids in a supercooled state. Thus, it is still important to clarify it not only qualitatively but also quantitatively from a unified point of view.
In order to classify the long-time self-diffusion coefficient D(T ) into two types of glass forming liquids from a unified point of view consistently, Tokuyama [16] [17] [18] has recently shown that the α-and β-relaxation times, τ α and τ β , obey power laws τ α ∼ D −(1+µ) and τ β ∼ D −(1−µ) in a supercooled state, where the exponent µ is given by µ ≃ 1/5 for (F) and 2/11 for (S). Then, the following master curve f (x; η) for D(T ) has been proposed:
where T f is a fictive singular temperature to be determined and d 0 a positive constant to be determined. Here the exponent η is given by η = 2(1 − 3µ)/3µ; η ≃ 4/3 for (F) and 5/3 for (S). Thus, it has been shown by analyzing many different data that both types of liquids are well described by two types of master curves up to the deviation point T n , below which all the data start to deviate from them and obey the Arrhenius law, where T n > T f . Here we note that T n coincides with the so-called thermodynamic glass transition temperature T g and the master curves can be also fitted by the VFT law well for T ≥ T n [17, 18] . Thus, all the diffusion data in each type collapse onto each single master curve f (x; η) (see Fig. 1 ). Their material differences are just characterized by a set of parameters (T f , d 0 , η). From this viewpoint, therefore, those parameters may correspond to the so-called degree of fragility usually discussed among different systems [2, 6, [19] [20] [21] .
One can now distinguish the long-time self-diffusion coefficient of strong liquids from that of fragile liquids safely by using the master curve f (x; η). By using such a master curve, we have recently succeeded in creating a new type of strong liquids which is different from usual network glass formers [22] . In fact, the static structure factor S (q) of usual network glass formers has the so-called first sharp diffraction peak, which is related to the size of tetrahedron in SiO 2 (see Fig. 3 ). On the other hand, that of a new type does not have such a peak and its structural properties are the same as those of fragile liquids. Thus, there exists another type of strong liquids, that is, non-network glass formers (S non ), in addition to usual network glass formers (S net ). Although both types can be classified as strong liquids by using the same master curve f (x; η) with η = 5/3, it is not possible to clarify how a new type is different from the usual strong one. This situation is also true for other materials such as Se which has a network structure and is usually believed to be a fragile system. It is interesting to know whether Se is a fragile liquid (F net ) or not. However, those materials are not investigated here because there is no simulation data available.
In the present paper, by using the mean-nth displacement
, we only investigate the dynamics of glass-forming materials (F non ), (S net ), and (S non ) from a unified point of view based on the mean-field theory [23] , where X α i (t) is a position vector of ith atom α at time t, the brackets an average over the equilibrium ensemble, and n even numbers. Analyses of many data then suggest an existence of a master curve H (i) n for M n (t) in each type as
where R is the characteristic length such as an interatomic distance, v th the average thermal velocity, and i=F non , S net , and S non . Any data in each type are thus shown to collapse onto a single master curve H n for other type j( i) in the cage region for τ f ≤ t ≤ τ β , in which each particle behaves as if it is trapped in a cage mostly formed by neighboring particles, where τ f is a mean-free time before which each particle undergoes a ballistic motion. On the other hand, H (i) n and H ( j) n (i j) are easily shown to coincide with each other both for a short-time region (t ≪ τ f ) and for a long-time region (τ β ≪ t) at the same value of D/Rv th . In fact, for both time regions we have
with
where τ = v th t/R. Thus, we emphasize that an explicit disagreement in the dynamics of each type appears only in the cage region, although the analytic form of H (i) n is not known there yet. Finally, we note that although the even number n is taken up to 6 here for simplicity, the same results as those discussed in the present paper also hold for n ≥ 8.
We begin in Section II by briefly reviewing the meanfield theory recently proposed. We first discuss the meanfield equation for the mean-square displacement and its related characteristic times. Then, we show two types of master curves for the long-time self-diffusion coefficient. One is a master curve for fragile liquids and another is for strong liquids. In Section III, we introduce several potentials to perform extensive molecular-dynamics simulations. In Section IV, we briefly review how physical quantities satisfy the universality near the glass transition. Based on such a universality, we then show that there exist a master curve H (i) n for the meannth displacement in each liquid, (F non ), (S net ), and (S non ). In Section V, we show that the master curves H (i) n and H ( j) n in different types i and j( i) do not coincide with each other in the cage region even at the same value of D/Rv th . We conclude in Section VI with a summary.
II. MEAN-FIELD THEORY
Here we briefly summarize the mean-field theory of the glass transition (MFT) for molecular systems recently proposed by Tokuyama [16, 17, [23] [24] [25] [26] . The mean-field theory consists of the following two essential points: (A) Mean-field equation for M 2 (t) and (B) Two different types of singular functions for D(T ), the mean-field curve g(T l /T ) for a liquid state and the master curve f (T f /T, η) for a supercooled state, where T l and T f are fictive singular temperatures to be determined and T l > T f .
A. Mean-field equation
The mean-square displacement M 2 (t) of ith particle α in molecular systems is described by a nonlinear equation [23] 
where ℓ is a mean-free path of particle α over which the particle can move freely by a ballistic motion and v th (= (k B T/m) 1/2 ) the average thermal velocity. Equation (6) can be easily solved to give a formal solution
where τ β (= ℓ 2 /D) denotes a time for a particle to diffuse over a distance of order ℓ with the diffusion coefficient D and is identical to the so-called β-relaxation time. Here τ f (= ℓ/v th ) is a mean-free time, within which each particle can move freely by a ballistic motion. The solution (7) satisfies the asymptotic forms given by Eq. (5). As shown in Ref. [25] , the meanfree path ℓ is uniquely determined by D/(Rv th ). Hence the solution (7) suggests that the dynamics is described by only one parameter D/(Rv th ) if the length and the time are scaled by R and τ th (= R/v th ), respectively. This means that the dynamics in different systems coincides with each other if D/(Rv th ) has the same value in them. Hence this is called a universality in dynamics. Since the single-particle dynamics is determined by only one parameter D/(Rv th ), it is convenient to introduce a new parameterû by [26] u = log 10 (Rv th /D). Table I . Hereû β (or T s ) is determined by the intersection point of the mean-field curve g(T l /T ) with the master curve f (T f /T ) [26] and coincides with a peak position of a specific heat, whileû g (or T g ) is determined by a deviation point T n at which the simulation results and the experimental data for the long-time self-diffusion coefficient start to deviate from the master curve f (T f /T ) since T n coincides with the thermodynamic glass transition point [18] . Thus, the mean-field fitting values for the mean-free path ℓ/R and the β-relaxation time τ β /τ th are uniquely determined byû. In general, however, the length R is not known. As a well-known example in which R is known, one can take the Lennard-Jones (LJ) binary mixtures A 80 B 20 , where the LJ potential U αβ (r) is given by
Here σ AA = σ, ε AA = ε, σ AB = 0.8σ, ε AB = 1.5ε, σ BB = 0.88σ, and ε BB = 0.5ε, where σ is a length unit and ε an energy unit [27] . Then, one can choose σ as R for A particle. Thus, one can use the simulation results for the LJ binary mixtures as reference to determine R for fragile systems based on the universality. This will be discussed later.
B. Master curve for long-time self-diffusion coefficient
In this subsection, we briefly review two types of master curves for D.
In order to distinguish the strong liquids from the fragile liquids consistently, Tokuyama has recently analyzed the structural relaxation time τ α and the β-relaxation time τ β for self-diffusion in different glass-forming liquids and has proposed two types of master curves for the self-diffusion near the glass transition [16] [17] [18] . Here τ α is defined as a time on which the self-intermediate scattering function F S (q, t) decays to e −1 of its initial value, that is, F S (q, τ α ) = e −1 , while τ β is a time on which the particles can escape from their cages [26] . In a liquid state [L], the relaxation times τ α and τ β are then shown to obey power laws
where the exponent ν is obtained by fitting as
, the experimental data and the simulation results can be well described by the mean-field singular function [26, 28] 
where T l is a singular temperature to be determined by fitting and ǫ 0 = 1 − T l /T . On the other hand, in a supercooled state [S], the relaxation times τ α and τ β are shown to obey power laws
where the exponent µ is obtained by fitting as µ ≃ 1/5 for fragile liquids and 2/11 for strong liquids. We now assume that as long as the system is in equilibrium, the long-time selfdiffusion coefficient D(T ) obeys the following singular function in [S] :
where T f (< T l ) is a new fictive singular temperature to be determined by fitting and ǫ = 1 − T f /T . Here the exponent η is obtained as follows. The β-relaxation time τ β is given by τ β = ℓ 2 /D. Then, use of Eqs. (10)- (13) leads to
The detailed analyses [25, 28] show that ℓ obeys the same power law in both states because the caging mechanism does not change in both states. Thus, use of Eqs. (14) and (15) leads to
Then, one finds η ≃ 4/3 for fragile liquids and 5/3 for strong liquids. Thus, Eq. (13) can describe the self-diffusion data in a supercooled state, while Eq. (11) holds in a liquid state. The intersection point of Eq. (13) with Eq. (11) thus determines a supercooled point T s (or u β ). In order to find an asymptotic function which holds in both states, we assume that D(T ) can be written as
where d 0 is a positive constant to be determined. Then, the function f (x) must numerically coincide with Eq. (11) in [L] and Eq. (13) in [S] . As shown in Ref. [17] , expanding f (x) in powers of ǫ 2+η /x, one can thus find the master curve
where x = T f /T . We note here that the power-law exponent for strong liquids is slightly different from that for fragile liquids. Although the quantitative difference between exponents in both liquids is small, it is important to show that there exist qualitatively different mechanisms between them since the exponents should result from the many-body correlations. In the previous paper [17] , we have shown that Eq. (18) can describe any data for self-diffusion coefficient in fragile and strong liquids, up to the deviation temperature T n , below which the system becomes out of equilibrium and all the data start to deviate from the master curve. If one scales the data by d 0 and T f , therefore, they are all collapsed onto two types of master curves given by Eq. (18), a fragile master curve with η = 4/3 and a strong master curve with η = 5/3 (see Fig. 1 ). Thus, one can classify the microscopic differences among various liquids by a set of parameters (T f , d 0 , η). Hence it must give another expression for the so-called fragility of glass-forming materials.
In the previous papers [16] [17] [18] , we have investigated many different glass-forming materials from a unified point of view based on two types of master curves f (x; η) and classified them into two types of liquids, fragile liquids with η = 4/3 and strong liquids with η = 5/3. However, this classification has two weak points. The first is that the difference between their exponents η is very small to distinguish two types of liquids quantitatively. Hence very precise analyses are required to make it even under the situation that the experimental data and the simulation results always have fluctuations. The second is that as discussed before, it can not distinguish non-network glass formers from network glass formers because they have the same value of η as 5/3. In the following, therefore, we first perform the extensive molecular-dynamics simulations on different glass-forming materials and then investigate their dynamics fully by calculating the mean-nth displacement M n (t). Thus, we show how the dynamics of strong liquids is different from that of fragile liquids consistently from a unified point of view based on the universality.
III. MOLECULAR-DYNAMICS SIMULATIONS
In order to investigate the differences between fragile liquids and strong liquids, we perform the extensive moleculardynamics simulations under the so-called NVT method with periodic boundary conditions on the following different systems: For fragile liquids we take binary mixtures A 80 B 20 with the Stillinger-Weber (SW) potential [29] and Al 2 O 3 with the Born-Meyer (BM) potential [30] . We also use the previous simulation results on the LJ binary mixtures [31, 32] as reference. On the other hand, for strong liquids we take SiO 2 with the Beest-Kremer-Santen (BKS) potential [33] and also SiO 2 with the Nakano-Vashishta (NV) potential [34] as a typical example of network glass formers. We also consider A 80 B 20 with the SW potential under different mass ratios as a typical example of non-network glass formers [22] .
The SW potential is given by
where α, β ∈ {A, B}. Here the parameters ε αβ , σ αβ , and r c are given by σ AA = σ, ε AA = 8.8ε, σ AB = 0.8σ, ε AB = 13.2ε, σ BB = 0.88σ, ε BB = 4.4ε, and r c = 1.652. Here ε is an energy unit and σ a length unit. The system contains N = 10976 particles, which is composed of N A = 8780 particles of type A with mass m A and N B = 2196 particles of type B with mass m B . Length, time, and temperature are scaled by σ, t 0 (= σ/v 0 ), and ε/k B , respectively, where
The simulations are performed in a cubic box of length 20.89σ with periodic boundary conditions, where the number density is 1.2. As shown in the previous paper [22] , for Q(= m B /m A ) < Q c the system shows dynamic properties of fragile liquids, while for Q > Q c the system shows those of strong liquids, where Q c ≃ 20. Here we note that their static structure factors do not depend on Q. Hence we call those strong liquids non-network glass formers, distinguishing from usual network glass formers, such as SiO 2 . [33] and BM [30] . The BKS and the BM potentials are given by
where the potential parameters are listed in Table II [35] .
The NV potential is given by
with the two-body potential
and the three-body potential 
IV. UNIVERSALITY NEAR THE GLASS TRANSITION
We now analyze the simulation results in two different types of liquids, fragile liquids and strong liquids, from a unified point of view based on the universality and then show how the dynamics of strong liquids is different from that of fragile liquids.
In order to discuss the differences between strong liquids and fragile liquids, we investigate the following physical quantities. The first is the mean-nth displacement given by
where the brackets indicate the average over an equilibrium ensemble, X α i (t) the position vector of ith particle α at time t, and n even numbers. The second is the long-time selfdiffusion coefficient D(T ) given by
The third is the static structure factor S αβ (q) given by
By using (25) , one can first obtain the temperature dependence of D(T ) for each system. In Fig. 1 , all the simulation results for D(T ) are shown to collapse onto two types of master curves given by Eq. (18), where T f and d 0 are listed in Table IV . As discussed in the previous paper [18] , the deviation point T n at which all data start to deviate from the master curve coincides with the thermodynamic glass transition point T g . For fragile liquids it is given by
for strong liquids. By using Eq. (7), one can next obtain the mean-field fitting values for the β-relaxation time τ β . From a unified point of view based on the universality discussed in the previous paper [26] , the dimensionless time τ β /τ th for different systems should coincide with each other at the same value ofû. Since the characteristic length R is not known, however, the time τ th is not known yet. In order to find R in fragile liquids, as reference one can use the dimensionless time for A particle obtained by the simulations on the SW binary mixtures [22] or the LJ binary mixtures [31, 32] since R is known as R = σ. In fact, it satisfies the power laws given by Eqs. (10) and (12), which are described by the straight lines given in Fig. 2(F) . Table IV. Then, the value of the characteristic length R for particle α is chosen for the dimensionless time τ β /τ th to obey those powerlaw lines as a function ofû. Similarly, in strong liquids one can use the dimensionless time for A particle of non-network glass formers A 80 B 20 for Q > Q c as reference since R is known as R = σ [22] . In fact, it satisfies the power laws given by Eqs. (10) and (12), which are described by the straight lines given in Fig. 2(S) . In Fig. 2 , all the data for the dimensionless time τ β /τ th are then shown versusû in each type of liquids, (F) and (S), where the fitting value of R for each atom is listed in Table IV . Thus, there exists a small difference be- [36] [37] [38] [39] [40] [41] [42] [43] [44] . The static properties of SiO 2 are known to be reproduced by employing the NV potential [34] and also the BKS potential [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] . As is shown in Fig. 3 , the static structure factor S αα (q) in network strong liquids usually has the so-called first sharp diffraction peak [45] , while it does not in fragile liquids. On the other hand, in non-network strong liquids, their structure factors are independent of Q and do not have a first sharp diffraction peak (see Fig. 3 ). However, we note here that the characteristic length R of B particle increases as Q increases, while that of A particle does not (see Table IV ). This background slow motion over a wide spatial range might be a reason for the system to show the same strong properties in f (x) and τ i as those of SiO 2 .
In the following, we discuss three types of liquids, (F non ) non-network fragile liquids, (S net ) network strong liquids, and (S non ) non-network strong liquids, separately and then show that in each type of liquids any data coincide with each other at the same value ofû [16, 17] . Thus, the detailed analyses suggest an existence of a master curve H (i) n for the mean-nth displacement M n (t) given by
where i=F non , S net , and S non . Thus, all the simulation data seem to collapse onto each single master curve at the same value ofû, although its analytic form is not known.
A. Master curve in fragile liquids
We first show the master curve in fragile liquids. In where n =2, 4, and 6. At each value ofû, the simulation results in different systems coincide with each other within error. Thus, it is suggested that there exists a master curve H (F non ) n (t/τ th ;û) for any fragile liquids, where the existence of H (F non ) 2 for many different fragile systems has already been discussed in the previous papers [16, 17] . 
B. Master curve in strong liquids
We next show the master curve in strong liquids. We discuss two types of strong liquids, S net and S non , separately.
Network strong liquids
We first discuss network strong liquids whose static structure factor has a first sharp diffraction peak (see Fig. 3 ). In Fig. 5 , the simulation results for the mean-nth displacement M n (t)/R n are plotted versus t/τ th for different values ofû in network glass formers, SiO 2 (BKS) and SiO 2 (NV), where n =2, 4, and 6. At each value ofû, the simulation results in different systems coincide with each other within error. Thus, this suggests an existence of a single master curve H (S net ) n (t/τ th ;û) for any network glass formers. 
Non-network strong liquids
We next discuss non-network strong liquids whose static structure factor has no first sharp diffraction peak. In 
V. DIFFERENCES BETWEEN FRAGILE LIQUIDS AND STRONG LIQUIDS
In the previous section, we have shown that there exists a master curve H (i) n (t/τ th ;û) in each type of liquids. In the present section, therefore, we compare the dynamics of strong liquids with that of fragile liquids at the same value ofû and explore how their dynamics is different from each other.
A. Network strong liquids versus fragile liquids
We first compare the simulation results for the network strong liquids with those for fragile liquids at the same value ofû. In Fig. 7 , the simulation results for the mean-nth displacement M n (t)/R n are plotted versus t/τ th for different values ofû in fragile liquids Al 2 O 3 (BM) and network glass formers SiO 2 (NV, BKS), where n =2, 4, and 6. As a typical example, the dynamics of Si is compared with that of Al. In the β stage for τ f ≤ t ≤ τ β , the dynamical behavior of Si is 
B. Non-network strong liquids versus fragile liquids
We next compare the simulation results for the non-network strong liquids with those for fragile liquids at the same value ofû. In Fig. 8 
C. Network strong liquids versus non-network strong liquids
In the β stage, the dynamical behavior of both network strong liquids and non-network strong liquids have been shown to be quite different from that of fragile liquids at the same value ofû. Hence we now compare the dynamics of network strong liquids with that of non-network strong liquids. In Fig. 9 , the simulation results for the mean-square displacement M 2 (t)/R 2 are plotted versus t/τ th for network glass formers SiO 2 (NV) and non-network glass formers A 80 B 20 (SW Q = 100). As a typical example, the value ofû is chosen in a supercooled state asû ≃ 3.143 because the difference between both glass formers is seen clearly. In the β stage for τ f ≤ t ≤ τ β , the dynamics of Si is shown to be different from that of A (Q = 100), although both glass formers obey the strong master curve given by f (x; η = 5/3). This difference results from the fact that SiO 2 has a network structure, while A 80 B 20 does not. The results obtained here are also seen for other combinations between SiO 2 and A 80 B 20 (SW Q > 20) at any temperatures. For comparison, the simulation results for Al are also plotted. We note here that A particle moves faster than Al around τ f . This means that A particle is weakly influenced by the correlation of B particle because B particle hardly moves on a time scale of τ f .
VI. SUMMARY
In the present paper, we have proposed the systematic method to investigate how the dynamics of strong liquids is different from that of fragile liquids. As examples of glassforming materials, we have taken Al 2 O 3 , the LJ binary mixture A 80 B 20 , the SW binary mixture A 80 B 20 , and SiO 2 (BKS and NV). We have first applied the mean-field theory for the simulation results in those different glass-forming materials. Then, we have obtained the long-time self-diffusion coefficient D(T ) and also the mean-field values of the characteristic time τ β . By using the master curve f (x; η), the diffusion coefficients in different systems have been safely classified into two types of liquids, fragile liquids and strong liquids. Thus, Al 2 O 3 , the LJ binary mixture A 80 B 20 , and the SW binary mixture A 80 B 20 with Q < Q c were classified as fragile liquids with η = 4/3, while SiO 2 (BKS and NV) and the SW binary mixture A 80 B 20 with Q > Q c were classified as strong liquids with η = 5/3 (see Fig. 1 ). In order to use the universality that all the dimensionless physical quantities must coincide with each other at the same value of the universal parameter u(= log 10 (Rv th /D)), we have then adjusted the unknown characteristic length R in each system so that the dimensionless time τ β /τ th coincides with that obtained by the simulations on the SW binary mixture since R is known to be σ there. The results are shown in Fig. 2 and Table IV . We have next investigated the simulation results for M n (t) in each type, (F) and (S), at the same value ofû. In type (F non ), all the simulation results have been shown to collapse onto a single master curve H , have been shown to exist, depending on whether the static structure factor has the so-called first sharp diffraction peak or not. The master curve H (S net ) n stands for network glass formers (S net ), such as SiO 2 , while H (S non ) n for non-network glass formers (S non ), such as A 80 B 20 with Q > Q c , whose static structure factor has structural properties similar to those of (F). Thus, all the simulation results in each type have been shown to collapse onto each master curve at the same value ofû (see Figs. 5 and 6). Those classifications have been done based on the fact that the simulation results of type i do not coincide with those of different type j in the cage region even at the same value ofû (see Figs. 7, 8, and 9) . In fact, the disagreement between (F non ) and (S net ) is reasonable because their static structure factors have different structural properties from each other. On the other hand, the static structure factor of (S non ) has structural properties similar with that of (F non ). In (S non ), however, mass of particle B is much larger than that of A particle. Hence slow dynamics occurs anti-symmetrically between A and B since the length scale R of B increases as Q increases, while that of A is unchanged. This might cause a strong character, which leads to a difference between (F non ) and (S non ) in the cage region. This situation would be rather similar to that seen in polymer gels [18, 56] . Finally, from a unified point of view proposed in this paper one should also investigate the other interesting glass-forming materials such as Se which has a network structure but is usually believed to be a fragile liquid (F net ). This will be discussed elsewhere.
